Let A be a unital separable amenable quasidiagonal simple C * -algebra with real rank zero, stable rank one, weakly unperforated K 0 (A) and with a unique tracial state. We show that A must have tracial rank zero. Suppose also that A satisfies the Universal Coefficient Theorem. Then A can be classified by its (ordered) K-theory up to isomorphism. In particular, A must be a simple AH-algebra with no dimension growth and with real rank zero.
Introduction
Since simple AH-algebras with no dimension growth and with real rank zero have been classified by Elliott and Gong ([12] ), efforts have been made to give a classification data) theorem for unital separable amenable quasidiagonal simple C * -algebras with real rank zero, stable rank one and with weakly unperforated K 0 -groups which satisfy the Universal Coefficient Theorem. Tracial rank for C * -algebras were introduced in [18] and subsequently unital separable simple C * -algebras with tracial rank zero which satisfy the UCT are proved to be classified by their (ordered) K-theory ( [21] ). Unital separable simple C * -algebras with tracial rank zero are quasidiagonal, have real rank zero, stable rank one and have weakly unperforated K 0 -groups. However, the converse has been shown by N. Brown ([7] ) to be false in general. It was shown in [22] that if A is a unital separable simple C * -algebra with real rank zero, stable rank one and with weakly unperforated K 0 (A), and if A is an inductive limit of type I C * -algebras and A has only countably many extremal tracial states, then, indeed, A has tracial rank zero. Therefore these inductive limits of type I C * -algebras are covered by the classification theorem in [21] . As pointed out by N. Brown, in order for a unital separable simple C * -algebra to have tracial rank zero, its tracial states must have some finite dimensional approximation property ( [7] ), as the definition of tracial rank zero suggested. In fact, in [22] , we showed that, if the tracial rank of a unital separable simple C * -algebra A is zero then T (A) is a set of approximately AC tracial states. N. Brown in [7] gave an abstract alternative but conceptionally easier notion of uniformly locally finite dimensional trace. An easily overlooked fact is that all normalized quasi-traces on a unital separable simple C * -algebra with tracial rank zero are tracial states. If A is a unital separable simple C * -algebra with real rank zero, stable rank one and A has the fundamental (trace) comparison property and if A has countably many extremal traces, then A has tracial rank zero if and only if all traces are approximately AC or uniformly locally finite dimensional. On the other hand, W. Winter ([28] ) showed that if A has real rank zero and finite decomposition rank (in the sense of [15] ), in addition, A has compact and zero-dimensional extremal tracial state space, then A has tracial rank zero. It is proved ( [15] ) that C * -algebras with finite decomposition rank are quasidiagonal.
To simplify the situation, in this paper, we consider simple C * -algebras with a unique tracial state. We show that a unital separable amenable quasidiagonal simple C * -algebra with real rank zero, stable rank one, weakly unperforated K 0 (A) and with a unique tracial state has tracial rank zero. By our classification theorem ( [21] ), if in additional, A satisfies the UCT, these C * -algebras are classified by their K-theory.
A few comments on the proof are in order. N. Brown ([7] ) gave two important examples related to the subject. The first example is a unital separable simple exact quasidiagonal simple C * -algebra with real rank zero, stable rank one and weakly unperforated K 0 (A) which is a the closure of an increasing union of residually finite dimensional C * -algebra but such that A is not of tracial rank zero (6.25 of [7] ). The second example is a unital separable simple (non-exact) C * -algebra A with the Popa condition and with real rank zero, stable rank one and with a unique tracial state which is not of tracial rank zero (6.27 of [7] ). These examples make the passage to our result in this paper narrow.
Suppose that A is a unital separable amenable quasidiagonal simple C * -algebra. Then there is an increasing sequence of residually finite dimensional C * -algebras {A n } such that 1 An = 1 A and ∪ ∞ n=1 A n is dense in A. Let τ be a tracial state. Then τ gives a regular Borel probability measure on each spectrum A n . Let Ω n ⊂ A n be the subset corresponding to the set of all finite dimensional irreducible representations. Trace τ is approximately AC, if µ τ is concentrated on each Ω n . In general, of course, the measure on Ω n may be smaller than 1. The worse case would be that µ τ is "singular", i.e., µ τ (Ω n ) = 0. Under the assumption that A has only one normalized quasi-trace which is a tracial state τ and together with the assumption that A has real rank zero, and A has the fundamental comparison property of Blackadar, we prove that some of Ω n must have positive measure. In fact, the lim sup µ τ (Ω n ) is positive. This is achieved by using, among other things, the fact that corona algebras of a non-unital hereditary C * -subalgebra of A must be purely infinite and simple. It is important that in our situation we can use traces (not quasi-traces) to compare the "size" of projections. With the argument used in [22] , one can then cut out a "sizable" portion of finite dimensional approximation. We then continue the process of "cutting". Using the simplicity and uniqueness of the (quasi-)tracial state, we are able to show that these sizable portions during the process will not diminish. From there, we are able to prove the result.
There are several immediate consequences that could be easily stated. For example, if A is a unital separable simple amenable quasidiagonal approximately divisible C * -algebra with a unqiue tracial state, then A has tracial rank zero. A few more statements regarding tensored products with a UHF-algebra and with the Jiang-Su algebra are given at the end of the paper. Other applications will be discussed elsewhere. Acknowledgment This work is partially supported by a NSF grant. The author was also partially supported by Shanghai Priority Academic Disciplines with computer related equipments and services.
Preliminaries
We will use the following conventions and facts:
(1) All ideals in this paper are closed and two-sided ideals.
(2) Let A be a C * -algebra and let I ⊂ A be an ideal. Suppose that a ∈ A. We write a ⊥ I if ab = 0 = ba for all b ∈ I. An ideal I is said to be essential if a ⊥ I implies that a = 0.
(3) A C * -algebra A is called residually finite dimensional (RFD), if for any a ∈ A, there exists a finite dimensional irreducible representation π such that π(a) = 0.
(4) Let A be a C * -algebra. Denote byÂ the primitive ideal space of A. In this paper, an irreducible representation π may also be identified with the primitive ideal kerπ, if there is no confusion.
(5) Let A be a C * -algebra and let n be a positive integer. Denote by n A, the set of all primitive ideals corresponding to those finite dimensional irreducible representations whose rank are no more than n. Note that each n A is a closed subset ofÂ.
(6) Let A be a unital C * -algebra and let τ be a tracial state. As in 2.1 of [22] , τ give a regular Borel probability measure µ τ onÂ. In particular, if O ⊂Â is an open subset and I = {a ∈ A : π(a) = 0 for all π ∈ O}, then µ τ (O) = sup{|τ (a)| : a ∈ I, a ≤ 1} = τ | I .
(7) Recall that a unital separable C * -algebra is said to be amenable (or nuclear) if, for any finite subset F ⊂ A and ǫ > 0, there exist two contractive completely positive linear maps ϕ : A → C and ψ : C → A, where C is a finite dimensional C * -algebra such that
(8) Let A be a C * -algebra with non-empty tracial state space T (A). We say that A has the Blackadar's fundamental (trace) comparison property, if for any two projections p, q ∈ A with τ (p) < τ (q) for all τ ∈ T (A), then there exists a partial isometry v ∈ A such that v * v = p and vv * ≤ q. We would like to emphasize that we use traces not quasi-traces.
(9) Let A be a C * -algebra and let B ⊂ A be a hereditary C * -subalgebra. Suppose that f is a positive linear functional on B. Then there is a unique positive linear functionalf on A such thatf | B = f and f = f (see, for example, 3.16 of [24] ). Suppose that {e λ } is an approximate identity for B. Then
(10) Let A be a C * -algebra and τ be a tracial state on A. Suppose that B ⊂ A is a C * -subalgebra and I ⊂ B is an ideal. Suppose also that {e λ } is an approximate identity for I. Denote by τ I (a) = τ (a)/ τ | I for a ∈ I. Note that τ I is a tracial state on I. We will also use τ I for the unique tracial state on B which extends τ I . Define
forb ∈ B/I, where b ∈ B such that π(b) =b. As in 2.5 in [22] , τ B/I is well-defined and τ B/I is a trace on B/I. Moreover, τ B/I does not depend on the choice of {e λ }. Thus
where π : B → B/I is the quotient map. In particular, if τ B/I = 0, then τ | B = τ | I τ I .
(11) In the situation of (10),
(e 2.1) (see 2.5 of [22] ) (12) Let S ⊂ A be a subset of A and let ǫ > 0. We write a ∈ ǫ S if dist(a, S) < ǫ.
(13) Recall ( [18] ) that a unital simple C * -algebra A is said to have tracial topological rank zero, if for any ǫ > 0, any finite subset F ⊂ A and any a ∈ A + \ {0}, there exists a finite dimensional C * -subalgebra B with 1 B = p such that (i) px − xp < ǫ for all x ∈ F, (ii) pxp ∈ ǫ B for all x ∈ F and (iii) there exists a partial isometry v ∈ A such that v * v = 1 − p and vv * ∈ aAa. If A has tracial rank zero, we write T R(A) = 0. If A is a unital separable simple C * -algebra with T R(A) = 0, then A is quasidiagonal and has real rank zero, stable rank one and weakly unperforated K 0 (A) (for further information, see [22] , [19] , [21] , [7] , [8] and [28] ).
Traces and essential ideals
Lemma 3.1. Let A be a unital C * -algebra and let I be a σ-unital essential ideal of A which has real rank zero. Suppose that τ is a tracial state on I and p ∈ A is a projection. Then, for any ǫ > 0, there is a projection e ∈ I such that e ≤ p and
(e 3.2)
Proof. Consider the hereditary C * -subalgebra B = pIp. Clearly that B also σ-unital. It follows from [6] that B has an approximate identity {e n } consisting of projections. One computes that
The lemma follows by choosing e = e n for some sufficiently large n.
Lemma 3.2. Let A be a unital separable C * -algebra of real rank zero and let τ be a unique tracial state on A. Suppose that A n is an increasing sequence of unital C * -subalgebra with
A n is dense in A, and J n ⊂ A n is an essential ideal of A n . Denote by I n the hereditary C * -subalgebra of A generated by J n . Then, for any sequence of positive numbers {d k } for which
there exists a subsequence {n(k)}, there exists a sequence of mutually orthogonal projections {p k } in A and there exists a sequence of projections {e k } in I n(k) such that
.., (where τ I n(k) is also used for the unique state of A which is the extension of
Proof. Since A is separable, by passing to a subsequence if necessary, one may assume that {τ I k } converges weakly to a state of A. The fact that each τ J k is a tracial state on A k , {A k } is an increasing sequence and
(e 3.6) Let B n be the C * -subalgebra generated by A n and I n . Then I n is an essential ideal of B n . In what follows, we will use τ for τ | Bn and use τ In by viewing I n as an ideal of B n as described in (10) of §2. Note that τ In (a) = τ Jn (a) for all a ∈ A n , n = 1, 2, ....
Since I 1 has real rank zero, one can choose p 1 ∈ I 1 so that
where
for some a 2 ∈ A n(2) ′ with 0 ≤ a 2 ≤ 1. It follows form A8 of [10] (see also 2.5.4 of [23] ) that there is a projection q 2 ∈ A n(2) ′ such that
(e 3.10)
It follows that
By (e 3.6), there is n(2) ≥ n(2) ′ such that
By (e 3.12), (e 3.11) and by 3.1 again, one obtains a projection e 2 ∈ I n(2) such that
where τ 2 = τ I k (2) . It follows from A8 of [10] (see also 2.5.1 of [23] ) that there is a unitary u 1 ∈ A such that
(e 3.14)
Put p 2 = u * 1 e 2 u 1 . Then
Therefore, by (e 3.13) and (e 3.15),
By continuing this process, one obtains a subsequence {n(k)} and two sequences of projections {p k } and {e k } which satisfy (e 3.4) and (e 3.9) as required.
Remark 3.3. In 3.2, τ k is a tracial state on B k . Note that there exists a unique state on A which extends τ k (see (8) in §2). We will again use τ k for the extension. Denote by C the closure of
be the multiplier algebra of C. Then trace τ | C can be extended uniquely to a trace on M (C) with the same norm τ | C . We will continue to use τ for the extension. Moreover, τ k can be uniquely extended to a positive linear functional with norm τ k | C . Furthermore, we will use τ k again for the extension. 
for any a, b ∈ M (C).
For any ǫ > 0 and any k > 0, there exists a projection c k ∈ I n(k) such that
(e 3.20)
By 3.2, since e k ∈ I n(k) and lim
for all sufficiently large k,
Thus, using the fact that τ is a trace on M (C), by (e 3.17) and (e 3.21),
as k → ∞. This together with (e 3.20) proves (e 3.19).
Next we show that
for any c ∈ M (C). It follows from (e 3.19) that, for any c ∈ M (C),
as k → ∞. This proves (e 3.23). Similarly,
We also have, for each c ∈ M (C),
as k → ∞. Now we show that
for any c ∈ M (C). In fact, there is a projection c k ∈ I n(k) such that
(e 3.28)
By applying (e 3.17) and (e 3.21), we estimate that (note that τ is a trace on M (C))
Combining (e 3.28) and (e 3.29), we obtain (e 3.27).
By (e 3.23, (e 3.25) and (e 3.26), it suffices to show that
Note that
(e 3.33)
for k = 1, 2, .... Moreover, by (e 3.27),
Similarly,
Finally, since τ is a trace,
(e 3.36)
Combining (e 3.34), (e 3.35) and (e 3.36), one concludes that (e 3.31) holds. This completes the proof.
The proof of Lemma 3.6 uses the following result:
Proposition 3.5. Let A be an infinite dimensional unital simple C * -algebra with real rank zero and with a unique tracial state. Suppose that A also satisfies the fundamental (trace) comparison property. Then, for any non-unital but σ-unital hereditary C * -subalgebra B, M (B)/B is purely infinity and simple.
Proof. At least for some special cases, this is known (see for example [11] , [16] , [26] , [29] and [17] ). The exact statement of this proposition is contained in [20] . Note that B has only one tracial state. As in 2.4 of [20] , B has a continuous scale. It follows from 3.2 of [20] that M (B)/B is purely infinite and simple.
Lemma 3.6. Let A be a unital separable simple C * -algebra with real rank zero and with a unique tracial state τ. Suppose that A n is an increasing sequence of unital C * -subalgebra with 1 An = 1 A such that ∞ n=1 A n is dense in A, and suppose that J n ⊂ A n is an essential ideal of A n . Suppose also that A satisfies the fundamental (trace) comparison property. Denote by I n the hereditary C * -subalgebra of A generated by J n . Then Put τ k = τ I k (see (10) of §2). We continue to use τ k for the unique state of A which extends τ k . Since A is separable, by passing to a subsequence if necessary, one may assume that {τ k } converges weakly to a state on A. Since A n ⊂ A n+1 and ∪ ∞ n=1 A n is dense in A, {τ k } converges to the unique tracial state τ. Put λ n = τ | In , n = 1, 2, .... By passing to possibly another subsequence, we may assume that λ 1 < 1/4 and λ n+1 < 1 2 n λ n , n = 1, 2, ....
(e 3.39)
In particular,
(e 3.40)
Choose a sequence of positive numbers {d k } such that
Let {p k } and {e k } be as in 3.2. Note that, by (e 3.4), (and by passing to a subsequence)
On the other hand, since e k ∈ I k , we further assume that
It follows from (e 3.42), (e 3.40) and (e 3.43) that
Then C is a separable unital simple C * -algebra with real rank zero and with a unique tracial state. Since C also has the fundamental (trace) comparison property, by 3.5, M (C)/C is a purely infinite simple C * -algebra. Therefore there is a unital separable purely infinite simple C * -algebra C 0 (for example O ∞ ) which can be embedded unitally into M (C)/C. Thus we obtain a separable unital C * -algebra D containing C as an essential ideal such that 1 D = 1 M (C) and D/C ∼ = C 0 . For each k, denote again by τ k the positive linear functional on D which extends τ k with the same norm ( τ k | C ). It should be noted that
Since D is separable and unital, one obtains a subsequence {τ n(k) } such that τ n(k) converges weakly to a positive linear functional T of D with 1/4 ≤ T ≤ 1. By (e 3.44) and by applying 3.4, we have lim k→∞ |τ n(k) (ab) − τ n(k) (ba)| = 0 (e 3.46)
It follows that T must be a trace on D. Since D/C is purely infinite, T D/C = 0. This implies that T = T C (see (10) of §2). Since {τ k } converges to the unique tracial state τ, for each m > 0,
Therefore, for fixed m and ǫ > 0, there exists K such that
for all k ≥ K. We may assume that K > m. Thus, by applying (e 3.4), (e 3.48) and (e 3.42), if
This implies that, for any m > 0,
(e 3.50)
Let m → ∞ and ǫ → 0, one obtains that T (1 C ) ≥ 1. Since T ≤ 1, it follows that T is a tracial state. Since T = T C ,
and since C has a unique tracial state,
.
(e 3.51)
(e 3.52)
However, for each a ∈ C ⊂ A, 
Tracial rank
We begin with a very easy observation. Then I O is an essential ideal of A.
Proof. For any π ∈ Ω, from the definition of the Jacobson topology onÂ, π(
. Then π(a) = π(ab) = 0. This holds for all such π. However, this is impossible since A is residually finite dimensional.
Lemma 4.2. Let A be a unital separable simple C * -algebra with real rank zero and with a unique tracial state τ. Suppose that {A n } is an increasing sequence of RFD C * -subalgebras with 1 An = 1 A such that ∪ ∞ n=1 A n is dense in A. Suppose also that A satisfies the fundamental (trace) comparison property. Then
where Ω n ⊂Â n is the subset corresponding to the set of finite dimensional representations of A (see (6) of §2 for the definition of µ τ ). 
Proof. For each n, there is an open subset
Proof. By 4.4.10 of [24] , n A is a closed subset of A.
Since
It follows from 2.3 and 2.4 of [22] that
For last part of the lemma, we note that
(e 4.62) Therefore,
The proof of the following lemma is basically contained in the proof of Lemma 4.10 of [22] .
Lemma 4.4. Let A be a unital separable simple C * -algebra with real rank zero and with a unique tracial state τ. Suppose that A 1 ⊂ A is a RFD C * -algebra with
where Ω ⊂ A is the subset corresponding to the set of all finite dimensional irreducible representations. Then, for any finitely many elements {a 1 , a 2 , ..., a m } ⊂ A 1 and ǫ > 0, there exists a finite dimensional C * -subalgebra B ⊂ A with p = 1 B such that
Proof. It follows from 4.3 that there is an ideal J 1 ⊂ A 1 such that
and A 1 /J 1 is a unital C * -algebra with all irreducible representations having rank not more that n. It follows from 4.7 of [22] that there is an ideal J 2 ⊂ A 1 /J 1 and a finite dimensional C * -algebra
where π : A 1 → A 1 /J 0 is the quotient map and J 0 is the preimage of J 2 under the quotient map A 1 → A 1 /J 1 . Suppose that I 1 is the hereditary C * -subalgebra of A generated by J 0 . Then
Let B = π −1 (C) + I 1 . Then by 4.9 of [22] the extension 0 → I 1 → B → C → 0 is quasi-diagonal and there is a projection e ∈ I 1 such that there is a finite dimensional C * -subalgebra
, with 1 C 0 = 1 − e (e 4.68) such that dist((1 − e)a i (1 − e), C 0 ) < ǫ/2 and ea i − a i e < ǫ/3, i = 1, 2, ..., m.
(e 4.69)
Lemma 4.5. Let A be a unital separable RFD C * -algebra, let Ω ⊂ A be the subset corresponding to the set of all finite dimensional irreducible representations and let τ be a tracial state of A. Suppose that 
If q ∈ A is a projection such that
, (e 4.71)
where Ω 1 ⊂B is the subset corresponding to the set of all finite dimensional irreducible representations of B, where B = qAq, and where t = τ τ (q) .
Proof. Let J n = {a ∈ A : π(a) = 0 for π ∈ n A}.
For any ǫ > 0, we choose n large enough so that
as in the proof of 4.3. One has that
whereq is the image of q in A/J n . Moreover, all irreducible representations of B/qJ n q have rank no more than n. Therefore qJ n q ⊃ J ′ n , where
In other words,
It follows that (using (e 4.72) and by applying ((10) of §2),
(e 4.75)
Combining (e 4.73) and (e 4.75), one obtains that
It follows that
for all ǫ > 0. Let ǫ → 0, one concludes that
Theorem 4.6. Let A be a unital separable simple C * -algebra with real rank zero and with a unique tracial state. Suppose that there exists an increasing sequence of RFD C * -subalgebra A k ⊂ A such that 1 An = 1 A and ∪ ∞ n=1 A n is dense in A. Suppose also that A satisfies the fundamental (trace) comparison property. Then T R(A) = 0.
Proof. Let τ be the unique tracial state on A and let Ω n ⊂Â n be the subset corresponding to the set of all finite dimensional representations of A n . It follows from 4.2 that we may assume that there is d > 0 such that
(e 4.79)
Denote by I n the hereditary C * -subalgebra of A generated by J n , n = 1, 2, .... Put τ n = τ In , n = 1, 2, .... Since A is separable, by passing to a subsequence if necessary, one may assume that {τ k } converges to a trace state. Since A has only one tracial state, one may further assume that lim n→∞ τ n (a) = τ (a) for all a ∈ A.
(e 4.80)
Let F 1 = {a 1 , a 2 , ..., a l } ⊂ A be a finite subset and 1 > ǫ > 0. There is an integer n ′ 1 > 0 and there is a finite subset
(e 4.81)
By applying 4.4, one obtains an integer n 1 > n ′ 1 , a finite dimensional C * -subalgebra B ′ 1 ⊂ A with q 1 = 1 B ′ 1 such that
(e 4.82) q 1 bq 1 ∈ ǫ/32 B ′ 1 for all b ∈ G 1 and (e 4.83)
(e 4.84)
For any δ > 0, there is n ′ 2 > n 1 such that there is a finite dimensional C * -subalgebra
for any a ∈ B ′ 1 with a ≤ 1 and for some b ∈ B 1 with b ≤ 1 (by a result of Bratteli, see 2.5.10 of [23] , for example). Put p 1 = 1 B 1 . By choosing sufficiently small δ, we may assume that
(e 4.86) p 1 ap 1 ∈ ǫ/8 B 1 for all b ∈ F 1 and (e 4.87)
(e 4.88)
We may also assume that
By (e 4.80), We can choose n 2 ≥ n ′ 2 > n 1 so that
(e 4.90)
It follows from 3.1 and (e 4.90) that there exists a projection g 2 ∈ (1 − p 1 )I n(2) (1 − p 1 ) such that
It follows from (e 4.77), (e 4.92) and 4.5 that
where Ω ′ n 2 is the subset of the primitive ideals of (1 − p 1 )A n 2 (1 − p 1 ) corresponding to the set of all finite dimensional irreducible representations. Let
(e 4.94)
for all a ∈ F. By applying Lemma 4.4 and (e 4.93), we obtain a finite dimensional C * -subalgebra
(e 4.97)
Thus,
(e 4.99)
As before (see (e 4.85)), to simplify notation without loss of generality, we may assume that
By continuing the process, we obtain a sequence of mutually orthogonal projections {p k } in A, a sequence of finite dimensional C * -subalgebra B k ⊂ A with 1 B k = p k such that
k+2 for all a ∈ F k (e 4.100) p k ap k ∈ ǫ/2 k+2 B k for all a ∈ F k and (e 4.101)
Otherwise, suppose that, for some δ > 0,
for all k. Then, by (e 4.102),
This contradicts with the fact that for all a ∈ F. Since A satisfies the fundamental (trace) comparison property, by (e 4.108), (e 4.109) and (e 4.107), we conclude that A has tracial rank zero. Theorem 4.7. Let A be a unital separable amenable quasidiagonal simple C * -algebra with real rank zero, stable rank one, weakly unperforated K 0 (A) and with a unique tracial state. Then T R(A) = 0.
Proof. We first note that, by [1] , A has the fundamental comparison property. Since all quasitraces are traces, A has the fundamental (trace) comparison property. On the other hand, it follows from [3] that A is a strong NF C * -algebra. By 6.1.6 of [2] , there exists an increasing sequence of RFD C * -algebras {A n } with 1 An = 1 A such that ∪ ∞ n=1 A n is dense in A. Thus, by 4.6, A has tracial rank zero. By applying the classification theorem of [21] , we obtain the following: Theorem 4.9. Let A and B be two unital separable amenable simple C * -algebras in N which are quasidiagonal, of real rank zero, of stable rank one and have a unique tracial state. Suppose that both K 0 (A) and K 0 (B) are weakly unperforated and K 0 (B) + , [1 B ], K 1 (B) ).
Corollary 4.10. Let A be a unital separable amenable quasidiagonal simple C * -algebras with real rank zero, stable rank one, weakly unperforated K 0 (A) and with a unique tracial state. Then A is isomorphic to a unital simple AH-algebra with no dimension growth and with real rank zero.
5 Approximately divisible C * -algebras and Z-stable C * -algebras Therefore the conclusion follows from the classification theorem [21] .
